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T
he arrow

 of tim
e

T
he past and the future are distinguishable 

�
In therm

odynam
ics

In an isolated system
 the therm

odynam
ic entropy is an 

increasing quantity (unless all processes in the system
 are 

3

increasing quantity (unless all processes in the system
 are 

reversible, in w
hich case it is constant)

�
In cosm

ology:
T
he universe expands tow

ards the future /contracts tow
ards 

the past (initial singularity: T
he big bang)

�
In causality:

A
 cause precedes its effect.

T
he arrow

 of tim
e in tim

e series

H
ow

 does the arrow
 of tim

e arise?

�
T
he basic law

s of physics are tim
e-reversible

�
N
ew

ton’s equations in classical m
echanics

�
S
chrödinger’s equation in quantum

 m
echanics

�
M
acroscopic / m

esoscopic equations describe 
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�
M
acroscopic / m

esoscopic equations describe 
irreversible behavior
�
D
iffusion equation

�
H
ydrodynam

ic equations

Q
U
E
ST

IO
N
: H

ow
 can irreversibility arise (at the m

eso and 
m
acroscopic level) from

 tim
e-reversible law

s  describing the 
evolution of the system

 at the m
icroscopic level?

T
he arrow

 of tim
e in tim

e series



P
ossible answ

ers

�
B
oltzm

ann:
F
or

the
purpose

of
m
acro

and
m
esoscopic

descriptions,
it

is
sufficient

to
replace

the
exact

m
any-particle

distribution
function

by
a

form
that

satisfies
irreversible

equations.T
he

differences
betw

een
the

exactand
the

approxim
ate

form
w
ould

be
apparent

only
if
the

observation
tim

e
is
very

long5

form
w
ould

be
apparent

only
if
the

observation
tim

e
is
very

long
(in

system
s
of

realistic
size,

the
P
oincaré

recurrences
w
ould

take
longer

than
the

age
of

the
universe)

or
if
the

initial
state

is
highly

correlated,w
hich

is
a
very

im
probable

situation.

�
P
rigogine: T

he basic law
s of physics need to be m

odified and 
should include sources of irreversibility at the fundam

ental level.

T
he arrow

 of tim
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T
he arrow

 of tim
e in tim

e series

P
roblem

:

�
W
e are given  N

 ordered values X
1 , X

2
, …

, X
N
 from

 a  tim
e 

series. 
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�
T
he direction of tim

e is unknow
n.

�
W
hich of the orderings

X
1 , X

2
, X

3 , …
, X

N
-1 , X

N

X
N , X

N
-1 , X

N
-2 , …

, X
2 , X

1

is the correct chronological order?

T
he arrow

 of tim
e in tim

e series



T
em

poral sym
m
etry of stochastic processes

�
A
 stochastic process {X

t ;  t∈
Ζ
} is stationary if

P
(X

t1 , X
t2 , X

t3 , …
, X

tr ) =
 P
(X

t1 +τ
1 , X

t2 +τ , X
t3 +τ , …

, X
tr +τ ) 

�
A
 stationary stochastic process {X

t ;  t∈
Ζ
} is tem

porally 7

�
A
 stationary stochastic process {X

t ;  t∈
Ζ
} is tem

porally 
sym

m
etric if

P
(X

t1 , X
t2 , X

t3 , …
, X

tr ) =
 P
(X

-t1 , X
-t2 , X

-t3 , …
, X

-tr ) 

�
If the stationary process {X

t ;  t∈
Ζ
} is tem

porally 
sym

m
etric,  then

P
(X

1 , X
2 , …

, X
T ) =

 P
(X

T
, X

T
-1 , …

, X
1 ) 

T
he arrow

 of tim
e in tim

e series

G
aussian processes

�
S
tationary G

aussian processes are tem
porally sym

m
etric 

�
T
he joint distributions of G

aussian processes are fully 
determ

ined by the covariance m
atrix 

C
ov(X

ti , X
tj )
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C
ov(X

ti , X
tj )

�
T
he covariance m

atrix is sym
m
etric

C
ov(X

ti , X
tj ) =

C
ov(X

tj , X
ti )

�
B
y stationarity

C
ov(X

ti , X
tj ) =

 C
ov(X

tj , X
ti ) =

 C
ov(X

tj +τ , X
ti +τ )  

=
 C
ov(X

-ti , X
-tj )

[choose  τ
=
 -ti -tj ]

T
herefore:

P
(X

t1 , X
t2 , X

t3 , …
,X

tr ) =
 P
(X

-t1 , X
-t2 , X

-t3 , …
,X

-tr )
R
obust estim

ation of O
R
 m

easures



M
arkov processes

�
A
 stationary process {X

t ;  t∈
Ζ
} is first order M

arkov if

P
(X

t | X
t-1 , X

t-2 , …
) =

 P
(X

t | X
t-1 )     ∀

t∈
Ζ

�
If 

{X
t ;   t∈

Ζ
} is a stationary M

arkov process

{X
;  t∈

Ζ
} is also a stationary M

arkov process

9

{X
-t ;  t∈

Ζ
} is also a stationary M

arkov process

�
T
herefore, an equivalent definition is

P
(X

t | X
t+
1 , X

t+
2 , …

) =
 P
(X

t | X
t+
1 )     ∀

t∈
Ζ

�
U
sing M

arkov property +
 C
hapm

an-K
olm

ogorov eqn.

T
he arrow

 of tim
e in tim

e series

τ
τ

τ
τ

τ
τ

τ

τ
=

+
=
∫

−
−

−
−

−
"

'
)

(

)
,

(
)

,
(

)
,

(
,

,
,

"
"

"
'

z
P

y
z

P
z

x
P
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T
em

poral sym
m
etry of M

arkov processes

A
 stationary M

arkov process is tem
porally sym

m
etric iff

P
X

t-1 ,X
t (x,y) =

 P
X

t-1 ,X
t (y,x)

E
xam

ples: 
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E
xam

ples: 

�
T
em

porally sym
m
etric and not G

aussian [|a| ≤
1/3]

P
X

t-1 ,X
t (x,y) =

 P
X (x)P

X (y){1+
3a(2

P
X (x)-1) (2

P
X (y)-1)}

�
T
em

porally asym
m
etric [N

on-G
aussian A

R
(1)]

X
t =
  φ

X
t-1 +

W
t       {W

t ;  t∈
Ζ
} N

on-G
aussian w

hite noise

T
he arrow

 of tim
e in tim

e series
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S
ource: P

.S
. R

ao, “N
on-G

aussian M
arkov tim

e series” (1988)

T
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L
inear A

R
(1) processes

X
t =
 φ

X
t-1 +

W
t       

{W
t ;  t∈

Ζ
} w

hite noise

�
A
 linear A

R
(1) process is tem

porally sym
m
etric iff 
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�
A
 linear A

R
(1) process is tem

porally sym
m
etric iff 

{W
t ;  t∈

Ζ
} is G

aussian.

�
A
 G
aussian M

arkov process follow
s a linear A

R
(1) w

ith 
G
aussian w

hite noise.T
he arrow

 of tim
e in tim

e series

L
inear A

R
(1) processes

X
t =
  φ

X
t-1 +

 W
t

|φ| <
 1;

{W
t ;  t∈

Ζ
} w

hite noise

W
t  ⊥

X
t-k     ∀

k >
 0

[independence]

�
A
 linear A

R
(1) process is tem

porally sym
m
etric iff 
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�
A
 linear A

R
(1) process is tem

porally sym
m
etric iff 

{W
t ;  t∈

Ζ
} is G

aussian.

�
A
 G
aussian M

arkov process satisfies the S
tochastic 

D
ifference E

quation of a linear A
R
(1) w

ith G
aussian 

w
hite noise.

T
he arrow

 of tim
e in tim

e series



G
aussian A

R
(1) processes

�
F
orw

ard representation

X
t =
  φ

X
t-1 +

 W
t

{W
t ;  t∈

Ζ
} G

aussian w
hite noise

|φ| <
 1;

W
t ⊥

X
t-k ∀

k >
 0

[independence]

E[X
|X

]  =
 φ

X

15

E[X
t |X

t-1 ]  =
 φ

X
t-1

�
T
im

e-reversed representation

X
t =
  φ

X
t+
1 +

 Ŵ
t

{Ŵ
t ;  t∈

Ζ
} G

aussian w
hite noise

|φ| <
 1;

Ŵ
t ⊥

X
t+
k ∀

k >
 0 [independence]

E[X
t |X

t+
1 ] =

 φ
X

t+
1T
here is no arrow

 of tim
e

T
he arrow

 of tim
e in tim

e series

N
on-G

aussian linear A
R
(1) processes

�
F
orw

ard representation
X

t =
  φ

X
t-1 +

 W
t
{W

t ;  t∈
Ζ

∈
Ζ

∈
Ζ

∈
Ζ
} N

on-G
aussian w

hite noise

|φφφ φ| <
 1;φφφ φ

≠≠≠ ≠
0

W
t ⊥⊥⊥ ⊥

X
t-k ∀∀∀ ∀

k >
 0

E[X
t |X

t-1 ]  =
 φ

X
t-1
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E[X
t |X

t-1 ]  =
 φ

X
t-1

�
T
im

e-reversed residuals 
Ŵ

t =
 X

t -φ
X

t+
1 

{Ŵ
t ;  t∈

Ζ
∈

Ζ
∈

Ζ
∈

Ζ
} N

on-G
aussian w

hite noise

E
[Ŵ

t X
t+
1 ] =

 0
B
U
T
  Ŵ

t  is not independent of X
t+
1

E[X
t-1 |X

t ] =
 f(X

t );    f is non-linear
T
here is an arrow

 of tim
e

T
he arrow

 of tim
e in tim

e series



P
roperties of the tim

e reversed linear A
R
(1)

X
t =
  φφφ φ

X
t-1 +

 W
t 

|φφφ φ| <
 1;φφφ φ

≠≠≠ ≠
0; 

{W
t ;  t∈

Ζ
∈

Ζ
∈

Ζ
∈

Ζ
} w

hite noise

Ŵ
t =
 X

t -φφφ φ
X
t+
1 

[tim
e-reversed residuals]
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(i)
{
X

t }
and

{
Ŵ

t }
are G

aussian iff {
W

t }
is G

aussian.

(ii)
Ŵ

t is independent of X
t+
k   (k>

0) iff {
W

t }
is G

aussian.

(iii)
{
Ŵ

t }
is w

hite noise iff {
W

t }
G
aussian.

(iv)
E[X

t |X
t+
1 ]
=
 φ

X
t+
1

iff {
W

t }
is G

aussian 

T
he arrow

 of tim
e in tim

e series

N
on-G

aussian linear A
R
(1)

X
t =
  φφφ φ

X
t-1 +

 W
t 

|φφφ φ| <
 1;φφφ φ

≠≠≠ ≠
0; 

{W
t ;  t∈

Ζ
∈

Ζ
∈

Ζ
∈

Ζ
} w

hite noise

Ŵ
t =
 X

t -φφφ φ
X
t+
1 

[tim
e-reversed residuals]

{
}
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If {W
t }
is non-G

aussian  
(I)    T

he optim
al predictor  E

 [X
t |X

t+
1 ] in the tim

e-reversed direction   
is
non-linear.

T
he optim

al prediction error
in the tim

e-reversed direction is
sm

aller
than

the optim
al error in the forw

ard direction
.

E[(X
t -
E
 [X

t |X
t+
1 ])

2] <
 E[(X

t -
E[X

t |X
t-1 ])

2]
(II)    Ŵ

t and X
t+
k
(k>

0) becom
e dependent

quantities.  

(III)  T
he tim

e-reversed residual {
Ŵ

t }
is m

ore G
aussian

than
{
W

t }.
T
he arrow

 of tim
e in tim

e series



D
etecting the direction of tim

e (I)

�
If {W

t }
is non-G

aussian the optim
al predictor  E

 [X
t |X

t+
1 ] in the tim

e-
reversed direction  is

non-linear
[R
ao

+
 Johnson 1992]  

 −
∈

  

+ −
=

−

2 1,
2 1

;
1 

 w
.p.

          
1

1
2 1 

 w
.p.

          
4 1

2 1
1

t

t

t
X

X X
X
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



+

−
2

2
2 1 

 w
.p.

          
4 1

2 1
1

t
X

 
 

−
−

+ 
 

+
−

=
−

4 1

2 1

2 1

4 1

2 1

2 1
)

,
(1

y
x

y
x

y
x

P
t

t X
X

δ
δ

[
]

[
]

2 1
1

m
od

2

          
          
;

2 1

1
1

1
1

−
= =

+
+

−
−

t
t

t

t
t

t

X
X

X
E

X
X

X
E

D
etecting the direction of tim

e (I)

�
T
he optim

al prediction error
in the tim

e-reversed direction is
sm

aller
than

the optim
al error in the forw

ard direction
.

E[(X
t -
E
 [X

t |X
t+
1 ])

2] <
 E[(X

t -
E[X

t |X
t-1 ])

2]

1,
1

;
2 1 

 w
.p.

          
4 1

2 1
1


−

∈
 

−
=

−t
X

X
X
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m
ap]

 
chaotic
 

stic
[determ

ini
;

2 1
1

m
od

2

2 1,
2 1

;

2 1 
 w
.p.

          
4 1

2 1
2

4
2

1

1

−
=

 
 −

∈
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+
=

+

−

t
t

t

t

t

X
X

X

X

X[
]

[
]

[
]

(
)

[
]

[
]

(
)

[
]

0
  

          
;

16 1
2 1

1
m
od

2
   

          
          
;

2 1

2

1

2

1

1
1

1
1

=
−

=
−

−
=

=

+
−

+
+

−
−

t
t

t
t

t
t

t
t

t
t

t
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D
etecting the direction of tim

e (II)

�
If {W

t } is non-G
aussian Ŵ

t and X
t+
k
(k>

0) becom
e dependent

quantities

[P
eters, Janzig, G

retton, S
chölkopf, 2009]

•
G
aussianity test: Jarque-B

era

21

•
Independence test:  H

S
IC

H
ilbert-S

chm
idt Independence C

riterion

T
he arrow

 of tim
e in tim

e series

(
)

[
])

(
,

cov
m
ax

1
1

||
||

||
||
,

−
=

=
n

n
g

f
g

f
W

g
X

f

D
etecting the direction of tim

e (III)

�
{Ŵ

t } is m
ore G

aussian than {W
t }

�
C
um

ulant  / product-cum
ulant generating function

{
}

[
]

[
]

{
}

[
]

[
]  

  
=

+
  

  
=

∑
∑

∑
∞=

−

∞=
−

∞=
1

1
1

1
1

,
!

!
exp

exp
        
;

!
exp

exp
n

t
t

n
m

m

m
n

t
t

t
n

n

n

t
X

W
K

m b

n a
b
X

a
W

E
W

K
n a

a
W

E
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�
C
um

ulant / product-cum
ulant m

om
ents

T
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{
}
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∑
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!
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ˆ
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ˆ
!
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ˆ
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n
m
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W
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E
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W
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D
etecting the direction of tim

e (III)

[
]

[
]

[
]

[
]       
;

)
(

,
ˆ

         
          
;

)
(

ˆ
1

t
m

n
n
m

t
t

n
m

t
n

n
t

n
W

K
c

X
W

K
W

K
c

W
K

+
+

=
=

φ
φ
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D
etecting the direction of tim

e (III)

A
ssum

ing cum
ulants / product-cum

ulants are defined

�
A
 random

 variable is G
aussian iff    K

n
=
 0   ∀

n >
 2

�
Ŵ

t
is m

ore G
aussian than W

t

[
]

[
]

2
       
;

ˆ
  

      
;1

)
(

>
<

⇒
<

n
 

W
K

W
K

c
t

n
t

n
n

φ
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�
T
w
o variables are independent iff

K
nm

=
 0  n

 >
0
, m

 >
0
, n

+
m
 >

 2

�
(Ŵ

t , X
t+
1 ) are independent only iff   

T
he arrow
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[
]

[
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ˆ
  

      
;1
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⇒
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W
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K
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n
n
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]

2
  
0

 
>

∀
=

n
W

K
t

n
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[
]       
;

)
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,
ˆ

1
t
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n
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n
m

W
K

c
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W
K

+
+
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G
aussianization of the tim

e-reversed residuals25
T
he arrow

 of tim
e in tim

e series

T
he golden ratio in A

R
(1)

�
T
he  G

aussianization of the tim
e-reversed residuals in N

on-G
aussian A

R
(1)  

is strongest w
hen the autocorrelation in the tim

e-series is the golden ratio 

0.6180
2

1
5

±
=

−
±

=
φ

26
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D
istance to a G

aussian

�
M
agnitude of the fourth cum

ulant (excess of kurtosis)

�
K
ullback-L

eibler divergence
L
et p(z), q(z) be tw

o pdf’s on R
(

)
∫

=
)

(

)
(

log
)

(
z

q

z
p

z
p

d
z

q
p

K
L

27

�
M
axim

um
 M

ean D
iscrepancy (M

M
D
)

�
L
et p, q

be tw
o pdf’s on R

�
L
et F

 be the unit ball in a universal reproducing kernel H
ilbert space H

tw
o pdf’s on R

T
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(
)
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∈
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H
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,
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;

)
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(
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)
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(

⋅

⋅
=

⋅
=

q
p

z
k

E
z

k
E

q
q

p
p

µ
µ

T
ests for the arrow

 of tim
e in linear processes

�
F
it A

R
(1)

to {
X

1 , X
2
, …

, X
N }   

[original order (o)]

�
F
it
A
R
(1) to {

X
N , X

N
-1 ,…

, X
1 }

[inverted order (i)]
1

1
ˆ

    
    

ˆ
−

−
−

=
⇒

+
=

n
n
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n

n
X

X
W

W
X

X
φ

φ

1
1

ˆ
    

    
ˆ

+
+

−
=

⇒
+

=
n

n
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n

n
X

X
W

W
X

X
φ

φ
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W
hich is the correct chronological order?

�
M
easure of independence (H

SIC
)

T
he order in w

hich  {W
n o, X

n-1 }  / {W
n i, X

n+
1 } are independent

�
M
easures of G

aussianity:

T
he order (x =

 o / i) in w
hich {W

n x} has the largest

•
4th C

um
ulant

•
M
M
D
 to a G

aussian

T
he arrow

 of tim
e in tim

e series

1
1

    
    

+
+

−
=

⇒
+

=
n

n
n

n
n

n
X

X
W

W
X

X
φ

φ



E
xperim

ents on sim
ulated A

R
(1) data (I)

X
t =
  φφφ φ

X
t-1 +

 W
t 

W
t  =

  (Z
t ) r             Z

t ~ N
(0,1)

K
eep r fixed, sw

eep φφφ φ
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T
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 of tim
e in tim

e series

E
xperim

ents on sim
ulated A

R
(1) data (II)

X
t =
  φφφ φ

X
t-1 +

 W
t 

W
t  =

  (Z
t ) r             Z

t ~ N
(0,1)

K
eep  φφφ φ

fixed, sw
eep r 
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E
xperim

ents on E
E
G
 data

31
T
he arrow

 of tim
e in tim

e series

E
xperim

ents on E
E
G
 data
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T
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 of tim
e in tim
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A
pplications

�
D
etection of the tim

e direction in em
pirical tim

e series.

�
D
iagnostics

based on changes in the behavior under reversal of 
the direction of tim

e in m
edical tim

e series.

�
C
om

pression of tim
e-reversed signals should be m

ore 
effective.

33

effective.

�
D
etection of causality. 

�
D
etection of leading indicators.

�
Irreversibility in physical system

s.

�
Irreversibility in m

achine learning:  w
hy do w

e learn, rather 
than unlearn,  as m

ore exam
ples becom

e available.

T
he arrow

 of tim
e in tim

e series

T
hank you!

34

P
lease, ask questions!
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